It is proved that the Mandelbrot set associated with the pair of maps w12: C -y C, w\(z) = sz + 1 , w2(z) = s*z -1 , with parameter 5 e C, is connected and has piecewise smooth boundary.
Introduction
The discovery [1] of the Mandelbrot set M for the iterated complex polynomial z2 + s has generated considerable research activity [2, 3] , especially because of its relation to cascades of bifurcations and universal phenomena [4] .
The Mandelbrot set M consists of those values of s eC such that the Julia set J(s) for z2 -s is connected. Barnsley and Harrington [5] considered an analogous Mandelbrot set D associated with the two affine maps F, 2 : C -+ C defined by Tx(z) = sz + 1, F2(z) = 5z-1
for s e C and \s\ < 1. There is a unique nonempty compact set A(s) which is invariant under F, and T2 (i.e., Tx(A(s))öT2(A(s) = A(s)) [5, 6] . Generically, A(s) is a fractal. D is defined to be the set of s e C, |s| < 1 for which A(s) is disconnected. The boundary of D contains self-similar structures (see Figure 2 ) and appears to be a fractal. It is not known whether D is connected; however, new pictures of this set presented here indicate that it is.
In this paper we study the Mandelbrot set G associated with the two affine maps wx 2 : C -► C defined by wx(z) = sz + 1, w2(z) = s*z -I
for 5 e C with |j| < 1. (Here s* denotes the conjugate of 5.) As in the previous case, there is a unique invariant compact set A(s) which is generically a fractal. Despite the apparent similarity between the two pairs of maps, G is easier to analyze than D. We will show among other things that G is connected and, remarkably, has a piecewise smooth boundary. Pictures of the associated fractals as one travels around the boundary of G are given. It is known that (H ,h) is a complete metric space [6] .
Let 0 < c < 1 and let the mappings w^. X -^ X, i = I, ... ,N ,he such that d(wj(x), w¡(y)) < cd(x ,y) for all x, y e X. Following Barnsley and Demko [7] we call {X ,w¡: i = 1, ... ,N} a hyperbolic iterated function system (HIFS). We will need the following lemma. then C is also disconnected. Since limn_>oo/í(^,u¿°"(5)) = 0, w_on(B) is eventually disconnected for any 5 e H. n
The following corollary generalizes a result of Barnsley and Harrington [5] . Note that if X = R" then we can always find a nonempty connected 5 e H such that w_(B) c 5 ; for instance, if we pick the radius large enough we can take 5 to be a closed ball centered at the origin.
If (X, w_(X ,0) is an HIFS for each X in an index set A, then we define the Mandelbrot set for the family {(X, w(X ,-))\Xe A) to be the set of X e A for which A(X) (i.e., the attractor for (X,w(X,-))) is disconnected. Barnsley and Demko [7] investigated the Mandelbrot set for the family of HIFSs {(C,T(s,-)) | 5 e C, |s| < 1}. We will denote this Mandelbrot set by D. Figure 2 shows a computer-generated picture of D (from [7] ) along with several blowups of portions of the boundary of D . They hypothesized that D may be disconnected; however, Figure 2 suggests that the opposite may be true.
They found inner and outer bounds for D using the fact that if s e D then the Hausdorff dimension d of A(s) is given by
We will prove the same bounds for D using the results we developed in the previous section. In the following, we will suppress the s dependence of F, and F2. Geometrically, w_ acts on a set 5 in almost the same way as F, the difference being that one of the shrunken copies is rotated by -6(s) where 6(s) = arg(s) again. Let G denote the Mandelbrot set for {(C,«¿(5,0)1$ s C, \s\ < 1} . As we shall see, in contrast to all other known cases, G can be completely described in an elementary way. We will show that G is connected and that the boundary of G is a countable collection of pieces of polynomial curves in x = Ke[s] and y = lm [s] . Figure 5 shows a picture of G. Note that the inner and outer bounds for D are also applicable to G by exactly the same arguments.
First we will prove that G is symmetric about the real axis.
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) U (s*A(s) -1) = A(s). Thus, -A(s) = (s(-A(s)) -l)U(s*(-A(s)) + l) = w2(s*, -A(s))öwx(s*, -A(s)) = w(s*, -A(s)). Since w(s*, 0 has a unique fixed point, -A(s) = A(s*). D
Let z, be the fixed point of the contraction wx o w2 and z2 be the fixed point of w2 o wx . We will need the following collection of facts, which follow directly from the definitions of wx and w2. Hereafter we will suppress the 5 dependence of wx and w2. the proof is to show that w(B) c 5 so that A c 5 and then to show that wx(B)xxw2(B) = 0. Lemma 9 gave z2 = -z\ and w2(z2) = -(wx(zx))* so 5 is a trapezoid as shown in Figure 6 . Since wl(J¡J¡) = zxwx(zx), then from the definition of wx is we see that the vertex angle at wx(z{) is 6(s) and the vertex angle at z n -6(s). By symmetry the vertex angle at z2 is n -6(s) and the vertex angle at w2(z2) is 8(s). _ Consider Figure 7 . Since the angle/z,z2w2(z2) measured from z2zx in a counterclockwise direction is n -6(s) (i .e., the vertex angle at z2 ) we see that z2 e 50 then z, Z2^" and Proof. Let BQ = ~zx~z~2 and Bn = w (BQ) for n e N. Figure 8 shows 50 , 5, 52 for a typical 5. We will first show that Bn is connected. Since w2(zx) = z2, wx(z2) = z,, and z, thus u>,(z,), z, e w1(5/I) for «eN. Proof. Since the method of proof should be familiar by now, we will only outline the proof of this proposition. which describes a polynomial curve for each n e N. We will now use these conditions to prove our main result.
Theorem 14. G is connected.
Proof. We will show that for each 0 (5) It is a short exercise in freshman calculus to show that f(r) is decreasing on (.5.1/V5). The family of attractors for 6(s) e (0,n/2) includes fractals which arise as natural boundaries in the complex ¿-plane for nonintegrable dynamical systems [9, 10] . In fact, these fractals provided our original motivation for studying this particular family.
Appendix
In this appendix we present a computer program which generates computer images of D. The program can be used with minor modifications to find the Mandelbrot set for any family of pairs of similitudes on R .
The program runs on the IBM PC microcomputer in compiled BASIC. A typical picture is produced in approximately 12 hours when the number of iterations is between 10 and 15. The program is much slower in regions which are near dD and which are near the real axis.
